A convex subgraph of a connected graph G is a subgraph of G induced by a convex subset of V (G). For a proper convex subgraph H of G, we say that G is H-covex k-accessible if for every vertex v ∈ V (G) \ V (H), the distance between v and H in G is at most k. The H-convex accessibility number of G is the minimum k for which G is Hconvex k-accessible. In this paper, we established sharp bounds for the H-convex accessibility number of graphs and characterized graphs with H-convex accessibility number equal to some positive integer. Moreover, we established results on the H-convex accessibility numbers of some special graphs.
Introduction
Given a connected graph G, the distance between two vertices u and v in G, denoted by d G (u, v) , is the length of the shortest path joining u and v in G. The distance between a vertex u ∈ V (G) and a subgraph H of G is defined as d G (u, H) = min {d G (u, v) : v ∈ V (H)}.
In a connected graph G, any u-v path of length d G (u, v) is called a uv geodesic and the set I G [u, v] consists of all vertices in any u-v geodesic including u and v. A subset S of V (G) is convex if for every u, v ∈ S, the vertex set of every u-v geodesic is contained in S. Equivalently, S is convex if for every u, v ∈ S, the closed interval I G [u, v] is a subset of S. If G is connected, then the graph induced by a convex subset S of V (G) is connected.
A convex subgraph H of a graph G is a subgraph of G induced by a convex subset of V (G). A proper convex subgraph H of G is said to be the maximum proper convex subgraph of G if for any proper convex subgraph
Sharp Bounds and Characterizations
Theorem 2.1 Let G be a connected graph and H be a proper convex subgraph of G.
For the second part, note that n − |V (H)| is the number of vertices of G which are not in
For the sharpness of the lower bound, consider a graph G with extreme vertex and H is a maximum convex subgraph of G. For the sharpness of the upper bound, consider G to be the K 1 -gluing of C m and P n−m+1 . Here we have
The following result characterizes graphs with H-convex accessibility number equal to 1.
Theorem 2.2 Let G be a connected graph. Then Γ H (G) = 1 if and only if G contains a proper convex subgraph
Conversely, suppose that H is a proper convex subgraph of G such that 
Theorem 2.3 Every
H-convex k 1 -accessible graph is H-convex k 2 -accessible graph whenever k 1 ≤ k 2 . Proof : Let G be a connected H-convex k 1 -accessible graph. Let v ∈ V (G)\ V (H). Then there exists u ∈ V (H) such that d G (u, v) ≤ k 1 . Since k 1 ≤ k 2 , d G (u, v) ≤ k 2 . Thus, G is H-convex k 2 -accessible.
Paths and Cycles
In this section, we characterized convex subgraphs of paths and cycles and established their H-convex accessibility numbers. 
is the unique u-v geodesic in H which is clearly a path in H. Since u and v in C = V (H) are arbitrarily chosen, H = P r . The converse is clear since P r is convex for any 1 ≤ r ≤ n. The next result establishes the H-convex accessibility number of P n .
Theorem 3.2 Let
for every proper convex subgraph H of P n .
Proof : Let P n = [u 1 , u 2 , . . . , u n ] and H be a proper convex subgraph of P n . By Lemma 3.1, H = P r for some 1 ≤ r < n. Without loss of generality, we assume that
Consider the following cases.
Case 1: n − r is even.
Then either both n and r are even or both are odd. Hence,
In this case, we have
Case 2: n − r is odd Then either n is odd and r is even or n is even and r is odd. If n is odd and r is even, then z(P n ) = u n 
If n is even and r is odd, then z(P n ) = u n 
In either of the cases, we have Γ H (P n ) ≤ n − r 2 .
It remains to show that Γ
Then, if n − r is even, k < n − r 2 , which implies that
and if n − r is odd, k < n − r + 1 2 , which implies that
This means that either
The following lemma characterizes the convex subgraphs of a cycle.
Lemma 3.3 A proper subgraph H of C n is convex in C n if and only if
H = P r for some r ≤ n 2 .
Theorem 3.4 For each
and H be a proper convex subgraph of C n . Then, by Lemma 3.3, H = P r where r ≤ n 2 . Assume that u 0 = z(P n−r ) where
If n − r is even,
This is a contradiction. Therefore, we have Γ Pr (C n ) = n − r 2 .
Complete and Complete Bipartite Graphs
The following lemma characterizes the convex subgraphs of a complete graph. 
